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γ(0)
1äWX~\szqd\c[ ]'sg¤ 4 \c}Bkosz² ¯ ] 3 ¯ prqosgxL\qdknm¬©bebd zXzku\hkd\2b{ sgsy¤koX~\#['ey ¡WX~\szqd\c[ ]#egZ|+§  ­L\#Z\\c|~\c| kdX~\#}sg[Ex~fikekosz+sg¤kdX~\4¨2f~ |
xZ }kdf~qo\9sy¤¼e!z\~\cqoeg ¥\N|jSeg}¦ibdsgjZ\kn§0sgqo¦'+kdXZ\b{xL\c}µÉ2}9}cegbd\Csg¤%sz~\4­~ £tnfZ[x¡bd\\E¾ Á¿ ¯WX~\4x2eyxL\qu©bub{kdqofZ}Bkof~qd\N|ezb0¤³sg s§ub ¯¼»  4 \c}kd sgiªZ§\9 zkoqdsi|if2}\4~sgkoekoszj¤³szqub{ ~z\bd\qo¢g\cqSf~\cf~\cb5ey2|g\c~\qey  ¥\c|#zez}¦bdsg9~\kn§szqd¦ib ¯ WX~\¨Zf~©|#  [kobegqd\\cb{koey­Z©b{XZ\c|  4 \c}Bkosz!Á ¯ WX~\ckoX~\E}sg[Ex~f~koekoszPsg¤}szZbnkeySk
γ(0)
©bCg ¢g\P 4 \c}kd sgP+§kdX}sg~Z\c}BkoszZb£§µkoXPkoX~\b{koeg­~ knm
}sgZ|~µkoszsy¤%bdfZ}XZ\kn§0sgqo¦b ¯5»  4 \c}kd sgiª§\£g ¢g\lkdX~\£¨Zf~©|x~©}Bkof~qo\£sg¤«kdX~\C~\kn§0sgqo¦jkdX~\Csg~\­ZCtnf~[Ex¤³qey[E\§0sgqo¦ ¯
  + 7E0 %+, + - 4%9%#
 \4§ «key¦z\lkoX~\9¤³sg s§ ~E~sgkoekosz
] ¯ A1 1³qo\cbdx ¯ A∗1 3¼ brkdX~\lbd\krsg¤«~sgi°~\czeko¢z\0bd\cSf~\cZ}\Nb	 u = {ui}1≤i≤n ªb{f2}X!koXZek n ≤ +∞ ªeyZ|
ui ≥ 0
ª 1³qo\cbdx ¯ ui > 0 3¤³szquey  i ≤ n L
 ¯ A2 1®qd\Nb{x ¯ A∗2 3j bkdX~\¬b{\ksg¤~sgi |i\N}qo\cegbd ~²b{\NzfZ\Z}\cb
 U = {Ui}1≤i≤n ªlbdfZ}X>koXZek
n ≤ +∞
ª~egZ|
0 ≤ Ui ≤ Ui+1
1³qo\cbdx ¯ 0 < Ui < Ui+1 3¤³sgqueg i ≤ n − 1 L
 \'§ ½|~\~sgkd\'­m
A
1³qo\cbdx ¯ A∗ 3CkdXZ\b{\ksy¤|i bo}qo\ko\'[E\cegbdf~qo\Esg R+ bdfZ}XkdXZeykkdXZ\qo\\hi b{kob
U ∈ A2
1³qo\cbdx ¯ U ∈ A∗2 34§kdX dU = ∑1≤i≤n δUi ¯ W%sb{f2}X·e¡[E\cegbdf~qo\'§\}ey·ezbdbdsi}©eko\Eebd\cSf~\cZ}\
u ∈ A1
1³qo\cbdx ¯ u ∈ A∗1 30+kdXZ\9¤³sg s§ ~[Eeg~~\cq ui = Ui − Ui−1 ªi¤³sgq i ≥ 1 ey2|j§kdXkoX~\£}sg¢g\cSkd sg
















































(τAj + σ(j, i)),
¤³sgq







σ(j, i) = σj + · · · + σi ¯ 9l\Z}\4§\|~\ÉZ~\N|eE[Eegx~x~ ~ Φ : A × A 7→ A bdfZ}XkoXZek 
τD = {τDi }1≤i≤n = Φ(Q).
1® 3
 \4§ Àf2b{\CkdXZ\9¤³sg s§ ~~sykekd sg¤³sgqkoX~\|i¸L\cqd\cSkl}sgfZzkoZ!¤³fZZ}BkoszZb	
 A(t) = ∑∞i=1 1{τAi ≤t}
L
 Σ(t) = ∑∞n=1 1{σ(1,n)≤t}
L















max ¯ WX~\9¤³sg  s§~ \[E['eEg ¢g\cbe~\c§ |~\cbo}qoxikoszsg¤%koX~\szfikdxZfikux~qos}\cbob0+kd\cqd[¶sy¤}sgfZzkoZ!¤³fZZ}BkoszZb ¯
Ã  · G( 
	 ( 
Q ∈ A∗ × A  ( D = Φ(Q) , (. Φ  '+ 
<  :M !	     '#
  "!>: (> E$  -  ! $(   '  ,#  %$
D(t) = A(t) ∧ inf
0≤s≤t
Σ[t − s + Σ←(A(s))].
1TM3
p½qdssy¤5 bux2sSbnkox2sz~\c|jkdsegx~x2\cZ|ih ¯
& .&j]  vzf2ekd sg2b1®Á 3ÀegZ| 1ä%3Vg ¢g\rkn§su\NSf~¢eg\czk5|i\ÉZZµkoszZbÀsg¤ikdX~\[Eegx~x~ ~
Φ : A∗×A →
A ¯ C0fikC¤³sgq τA ∈ A ª«sz~m¡vzf2ekd sg 1®Á 3uz¢z\cbkoX~\Eqd gXSk9|i\ÉZZµkoszPsy¤ Φ ¯4» PxZegq{ko }f~ egql~sgkd©}\koXZeku§0\4ey §0e±mibXZe±¢g\




D(t) ≤ Σ(t) ∧ A(t) ¯
 ' $)( +* -,/.0(21)3547698!;:=<>6 )354
 \qo\c}egX~\cqd\0koX~\~sykekd sg zkoqdsi|if2}\c|! +¾Ü±¿°ªkos9|~\cbo}qo­L\e£z\~\cqoeg ¥\N|#Seg}¦ibdsg#Z\kn§0sgqo¦C§kdX
K
~si|i\Nb ¯WXZ\~\kn§szqd¦ib§\}szZbd |i\cq+egqd\}XZegqoez}Bkd\cqd ¥\N| ­m kdX~\¬¤®eg}kkoXZekbd\qo¢ }\kd [E\cb¡egZ| qosgfikoZ
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§XZ\qo\





















 µ¤ n(0) = 0 ªkoX~\qo\4 bZs\hkd\qoZegÀeyqoqd ¢ey ¯
 µ¤ ∞ > n(0) ≥ 1 ªkdX~\c+¤³sgqey  1 ≤ j ≤ n(0) ªkoX~\eyqoqd ¢ey2kd [E\4sy¤ koX~\ j äkoX+}fZb{kdsg[E\cq0 +kdX~\~\kn§0sgqo¦4key¦g\Nb¼x~©eg}\uek
σ
(0)












TkdX zko\qd°egqdqo ¢±egLkd [\ ¯  sykd\kdXZeykukoX~ bl}egbd\gª~kdX~\cqd\4['e±m­L\#e!ÉZ~kd\f~[#­L\qCsy¤½}fZbnkosg[E\qbux2egbob{ ~'koX~qdszf~gXe'g ¢g\cPbnkekoszPb{skdXZeyklkdXZ\!~\kn§szqd¦+©b£ez}Bkdf2ey m
§\c%|i\ÉZZ\c|+sgZ}\4e#É2~µko\#bd\cSf~\2}\9sy¤qdszfikd ~'|i\N}©b{ sgZbegZ|b{\cqd¢©}\Ckd [E\cbuegqd\Cg ¢g\csz
kdX~©bub{koeykd sg ¯





] ¯ K + 1 ¤³f~Z}kd sgZblegbob{si}©eko\c|kdsEkdXZ\b{\cqd¢©}\£kd [\Nb σ(k) 1äegb +kdX~\bdZg \9bd\qo¢g\cqzfZ\f~\G3>L
 ¯ K(K+1) ¤³f~Z}kd sgZb kdX2ek%}sgf~SkobÀkdX~\f~[#­L\q%sy¤~}fZb{kdsz[E\qbÀqosgfiko\c|C¤³qosg[ e~si|i\ {0, . . . , K}kdse~si|i\
{1, . . . , K}
L
Á ¯ K + 1 ¤³f~Z}kd sgZblegbob{si}©eko\c|kds n(k) ¯
9l\Z}\4eEg\Z\qey ¥c\c|jSeg}¦ibdsgZ\kn§0sgqo¦'§µkoX  ~si|i\Nb beg+sz­itn\c}k
A(K+1)(K+2) = AJN ¯ \4§ Àf2b{\CkdXZ\9¤³sg s§ ~~sykekd sg¤³sgq\Neg}X+sy¤5kdX~\Nb{\4}sgf~Skd ~¤³f~Z}kd sgZb

 N = (n(0), . . . , n(K)) ª~§kdX n(i) ≥ 0 L








0 ≤ k ≤ K
L
 Σ(i)(t) = ∑n 1{σ(i)(1,n)≤t}
ªi¤³sgq















A = (A(1), . . . , A(K))
egZ|
D = (D(1), . . . , D(K)) ¯













Y = {Y (i)}1≤i≤K

Y (i)(t) = n(i) + P0,i(Σ
















X = Φ(Y,JN) ¯ 9u\cZ}\zªi§\£XZe±¢g\ X(i) = Φ(Y (i), Σ(i)) ªi§X~\qo\ Φ §egb|i\ÉZ~\c|¤³szqkdX~\bd ~g \4b{\cqd¢z\qzfZ\f~\4  1®Á%3 ¯
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eg ¥\N|Seg}¦ib{sz~\kn§szqd¦ ¯H Z\£sg¤ÀkdX~\Nb{\9|i\Nbd}qd xikd sg2b½XZezb0­2\c\jz¢z\§szqo|~b0ek0kdXZ\£­L\z~Z~sg¤koX~©bb{\N}Bkosz¬egZ|¬ b|~\x~©}Bko\c|¬§µkoX[szqd\Eqozsgq9  º x~xL\Z|ih² ¯  ¯ WX~\'sgkdX~\cq|i\cbo}qox~kd sg¬ b ko\qo[*sy¤ É~hi\c|xLsg Skv½SfZekosz 1-@M3§X~ }XXZegbegqo\cez|imE­2\c\j Skdqosi|ifZ}\N|j­m 8eytn\§ubd¦2 ¾ ]N±¿ ¯WXZ\cbd\Ekn§s¡|i\Nbd}qd xikd sg2b4eyqo\\NSf~¢eg\czk ¬kdX~\b{xL\c} eg½}ezb{\Esy¤|i©bd}qd\kd\' ~x~fikbey2|¬eg\[Exiknm
Z\kn§0sgqo¦ekkd [E\
t = 0− ¯ ?~sgque[Esgqo\9g\c~\qeyVqo\cbdf~µkszkoX~©bb{f~­~tn\c}BkNª~§0\Cqo\¤³\cqkds¡¾ ]g]B¿ ¯
  
	+ 9À5"5$;? #B:'& &
	 











¯  \bde±mkdXZeyk fn → f f~~¤³sgqo[Emsg}sg[ExZez}Bkubd\kobcª~szqub{ [Ex~m fn → ff ¯ s ¯ } ¯ ¤5¤³sgq\cez}X t > 0 ª
sup
0≤u≤t
|fn(u) − f(u)| → 0
egb
n → ∞ ¯
 \9ÉZqbnkqo\c}cey VkdX~\9¤³sz s§Z! \[E['e¦SZs§+ezb )  ~ buWXZ\sgqo\[ 
Ã  ·; 	F(
{fn}
! *'(	 ( $! 
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fn → f




WXZ\£¤³sz s§ ~  \[E['eE}eg­L\9¤³sgf~2| IC0  ~Sb{ \m¾ ¿ x2eyg\M7 @ 
Ã  ·- !
fn
.6   %$(.!G'>  !$- 'E  




   Ç½Ã ± Ä     '>M( *'( 	( ( $! +'> M
'((G( 	( ( >'
{Qn} = {τA,n, σn} ∈ (A × A)N,   G'!'( $  !>>7. $'!'
τA,n
'> $ #  
Ân(t) → Â(t)
   
t > 0  ,   Â $!  $! E
R+ 
  ''( $  !#'( $!+  . $!>'!'
σn
'> $    
Σ̂n(t) → µt
<
t ≥ 0  ,  µ ≥ 0   (
D̂n → D̂
& $  ,  D̂(t) = µt ∧ Â(t) 
Ì%Ì@åNZÓBÞ>O>P
7   	F( 
   ÇÀÇ  
?5 qob{klsz­Zb{\cqd¢z\9kdXZeyklkoXZey~¦ibukdsj_\c['eyqo¦]zª2§0\XZe±¢z\





D̂(t) ≤ µt ∧ Â(t) ¯ prqdszx2\cq{knm+!¤³sg s§ub0 kdX~\}cegbd\
µ = 0
­m  \[E['e9 ¯  \}szZbd |i\cq%Zs§²kdX~\}cegbd\ µ > 0 eyZ|ÉZqob{kregbob{fZ[\½kdXZeyk
 Qn ∈ A∗×A¤³szquey 
n
egZ|






ey2|  \c[E[Eez¢z\cb Ân → Â f ¯ s ¯ } ¯ 8¡sgqo\s¢z\q¼koXZey~¦ibkos  \c[['eEÁ~ª~kdX~\bd\cSf~\cZ}\Nb Σ̂n egZ| Σ̂n← }sg¢z\qog\lf ¯ s ¯ } ¯ kdsEkoX~\4qd\Nb{xL\c}kd ¢g\C¤³f~Z}kd sgZb t 7→ µtegZ|




























[µ(t − u) + Â(u)] ∧ Â(t)
= µt ∧ Â(t),
§XZ\qo\lkoX~\£©egb{k\cSfZey knmE¤³sg s§ub½¤³qdsz[*}szZ}e±¢knmsg¤
Â ¯  s§ fZbdZ  \[E['e~ªzkoX~\9qd\Nb{fZµk0¤³sg s§ub +kdX~©b}ezb{\ ¯W%s'\hko\Z|kdXZ\qd\Nb{fZµkkosEkdX~\#}cegbd\ 





A∗ ¯ ?Zsgqueym ε > 0 ªi§0\9XZe±¢g\£¤³sgq n ≥ 1/ε ª An(n(t − ε)) ≤ Bn(nt) ≤ An(nt) ¯9l\Z}\















DnB(t) → Â(t) ∧ µt
eyZ|jkdX~\4qo\cbdf~k¤³sg s§ub0 +kdX~©bu}ezb{\ ¯WXZ\+}cegbd\
Â(0) 6= 0
}cey·­L\|i\cegµkE§µkoX·koX~\¡bdeg[\[Esg~sgkdsgZ }µknm²eyqogfZ[\cSk ¯ ?~sgqEeym ε > 0 ª}sgZbd©|i\q9koX~\jbd\cSf~\2}\
τC,ni = τ
B,n




i ¯  \}ceyPegx~x~ m+kdX~\!ÉZqbnkCxZeyqdk£sg¤¼kdX~\x~qosSsg¤¼kds
Ĉ
ªVX~\Z}\
DnC(t) → Ĉ(t) ∧ µt ¯ ?~sgq ε ≤ µ−1 ªV§\!g\k
D̂(t) ≥ µt ∧ Â(t). 























pK,1 . . . pK,K 1 −
∑
i pK,i
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(I − P ′)




































(Gy)i(x1, . . . , xK) = xi ∧ yi.
   Ç½Ã ± Ä - !    +<  > 
P
'(- '  ' 	      !#     	( - Fα ◦ Gy(x) = x  '    	( *'(   
x(α,y)
   =G(  (α,y) 7→ x(α,y)  '  $!D D  '     %$(.!G'> !$- 
& .&Á WX~\Nb{\qd\c eykd sgZbey qd\Neg|imeyxZx2\Neyqo\c|²  8Pegbob{\cm¾ ]cÁ±¿legZ|wX~\cegZ| 8egZ|i\c­Zegf~[
¾ÜN¿b{\c\jb{\N}BkoszÁ ¯ ] ¯» ·¤®eg}Bkegb4xLsg Skd\c|szfik# >¾ ¿Tª5§0\j}eg¬f2b{\jW5eyqbd¦S b9É~hi\c|¬xLsg zk!kdX~\csgqo\[1äW%egqobd¦r¾ ]c±¿ 30kdsjg\klkdX~\\hi b{kd\cZ}\4sg¤5koX~©bÉ~hi\c|xLsg Sk+1®}cey \N|~¨Zs§ ²¾ÜN¿ 3 ¯ C0fikl§0\g ¢g\9X~\cqd\eEbd\¤¹°}sgSkoegZ\c|xZqdssy¤%kdXZeyklb{XZs§ub}sgSkof~knmjey2|j[EsgZsykdsz~©}knmx~qosgxL\qdkd \cb0sy¤5kdX~\bdsg fikosz ¯
























































]N   	F( 


























bd\\  \[E['e 3 ¯ 9u\cZ}\zª ¤ λ(α,y) = (λ1(α,y), . . . , λn(α,y)) ªv½SfZekosz 1 7%3£XZezb9sg~ msz~\4b{szf~kd sg+g ¢g\+­m 
x̃∆ = λ(α,y) + x̃∆P∆ ⇔ x̃∆ = λ(α,y)(I − P∆)−1.
 \~s§·qo\kof~qd#kdsCsgf~q5É~h!x2szSkx~qdsz­~ \[
x = Fα◦Gy(x) ¯ W%sCbdX~s§·f~Z Sf~\c~\cbob5sy¤ZkoX~\b{szfikoszÀªkey¦z\£eymEb{szf~kd sg
z = Fα ◦Gy(z) ¯  \CXZe±¢g\ z ≥ 0 XZ\Z}\ Fα ◦Gy(z) ≥ Fα ◦Gy(0) egZ|EkoX~\
z ≥ b ¯  \k A = {i, zi > yi} eyZ| B = {i, bi > yi} ¯ H ¤r}szf~qobd\gªZ§\X2e±¢g\ B ⊂ A egZ| b = x̃Bbd Z}\
FBα,y(b) = Fα ◦Gy(b) = b ¯ 8sgqo\s¢g\cqcªS§0\CX2e±¢g\





















FBα,y(z) ≥ z ¯ C0fik½bdZ}\ (FBα,y)n(z) ↗ x̃B = b ªg§0\XZe±¢z\ b ≥ z ¯ ?52ey m z = b ¯?Zsgq0eym
∆
ª




A = {i, xi(α,y) ≥ yi}
ª
B = {i, xi(α,y) > yi} ¯  \+X2e±¢g\jsg¤}sgf~qbd\










(α,y) 7→ x̃∆(α,y) ¯ s§ kosEbd\\CkoXZekkoX~ b¤³f~Z}Bkosz bZsg|i\c}qd\Negbd~2ªSkoey¦z\
(β, z) ≥ (α,y)
ª2§\9XZe±¢z\




x(β, z) ¯ 
	 	 
  " ,  : 6  '  %)(   * -, .0(21 3"47698!;:=<>6 )354
 \}szZbd |i\cq0kdX~\9¤³sz s§ZEbd\cSf~\cZ}\9sg¤5Seg}¦ib{szj~\kn§szqd¦ib



















Dn ¯  \ezbdbdf~[E\lkoXZekkoX~\|iqo¢ ~'b{\NSf~\Z}\cbboeko b{¤³m
Σ̂(0),n(t) → Σ(0)(t),
§X~\cqd\
t 7→ Σ(0)(t) ∧ n(0)
 beE}sgZ}ce±¢g\£¤³f~Z}BkoszÀª
∀k ≥ 1, Σ̂(k),n(t) → µ(k)t, ∀t ≥ 0 (µ(k) ≥ 0),
P̂ ni,j(t) → pi,jt ∀t ≥ 0. \bdf~x~xLszbd\£koXZekkoX~\4qosgfiko~['ekoqdh
P = (pi,j)1≤i,j≤K
bdeykd©bnÉZ\Nb	 ¯




$!G(    >
 :$!  %$'((' <  +

%  ! 
Â(i)(t) = n(i) + p0,i(Σ







D̂(i)(t) = Â(i)(t) ∧ µ(i)t.
1{]c%3




























An(k + 1) = Γ(Dn(k),JNn),
Dn(k + 1) = Φ(An(k + 1),JNn),
­Zfiku§µkoX¡|iµ¸V\qo\Sku ~kd©eyÀ}szZ|ikd sgZb
Dnt (0) = (Σ
(1),n, . . . , Σ(K),n)
egZ|
Dnb (0) = (0, . . . , 0) ¯ \4qo\c}egLkoX~\4~sykekosz
Γi(X,JN
n)(t) = n(i),n + P n0,i(Σ


















Γ : CK → CK
ey2|







Γsi (x1, . . . , xK)(t) = n
(i) + p0,i(Σ





Φsi (x1, . . . , xK)(t) = xi(t) ∧ µ
(i)t.
Ì%Ì@åNZÓBÞ>O>P





Ã  · ;  '!'!<     #  !
k  D̂n(k) → D̂(k) & $
     %$  $  D  
D̂(k)
 '6#$!$=G !$-    (2,   
Ân(k + 1)
n→∞






−−−−→ Φs(Â(k + 1)) = D̂(k + 1)
& $






$!$=G ! $(- '	





















9l\Z}\9kdXZeg~¦ib0kds  \[E['eiªi§0\4XZe±¢g\ Ân(k + 1) n→∞−−−−→ Γs(D̂(k)) f ¯ s ¯ } ¯ eyZ|\cez}X+}sg[Ex2sz~\Sksg¤
Â(k + 1) = Γs(D̂(k))
©bu} \cegqd mjeE}szZ}e±¢z\l¤³fZZ}Bkosz ¯  s§kdX2ey~¦ib0kds'p½qdszx2\cq{knm#koX~\4qd\Nb{fZµk¤³sz s§ub ¯  \4~s§qd\kdf~qojkoskdX~\4x~qossy¤5sy¤prqdszx2\cq{knm' ¯ \XZe±¢z\
Â(k+1) = Γs ◦Φs(Â(k)) ¯ WX~©b¼\cSfZeykd sgg ¢g\cb%koX~\qd\c eykd sg­2\kn§\c\l¤³f~Z}kd sgZb¼sg¤Leqo\cegxZeyqey[E\kd\q






Γs ◦ Φs(ζ(t)) = ζ(t)
XZezb£egf~~©Sf~\Eb{szfikoszÀªVZey[E\cm
ζ(t) = x(α, µ(1)t, . . . , µ(K)t)
ª
§kdX
α = (n(1) + p0,1(Σ
(0)(t) ∧ n(0)), . . . , n(i) + p0,i(Σ(0)(t)∧ n(0)), . . . , n(K) + p0,K(Σ(0)(t) ∧



















Anb (k) ≤ A
n ≤ Ant (k),
Dnb (k) ≤ D












Âb(k)(t) ≤ lim infn
An(nt)








WXZ\Cqo\cbdf~k¤³sg s§ub¤³qosg[  \[E['e ¯ 
   # 4%¶? &À:
	%9%"
  62:   (: +6
 \É2qob{k#qo\c}egrkdX~\+|i\ÉZZµkosz·sy¤ubd[Ex~ \jvrfZ\cq#~\kn§szqd¦P¤³qdsz[ 4 \N}Bkosz· ¯ ]'sy¤¾ÜN¿ ¯ wsgZbd©|i\q#eqosgf~kd\
p = (p1, . . . , pL)
§kdX
1 ≤ pi ≤ K
¤³szq
i = 2, . . . , L − 1 ¯ 4 fZ}Xejqosgf~kd\ b4bdfZ}}\cbobn¤³fZ5¤
p1 = 0
egZ|










−2− for i = 1 . . . L − 1 do
ν(pi) := ν(pi) ⊕ pi+1;


































(0), σ(1), . . . , σ(K)).
 \²}szZb{©|i\cqjkoX~\²}sgqoqo\cbdx2szZ|i ~´bd\cSf~\2}\¬sy¤!Seg}¦ibdsg>~\kn§szqd¦ib
JNnc = {σc, ν, N
n}
ªl§kdX
Nn = (n, 0, . . . , 0) ¯ WXZ\Seg}¦ib{sz~\kn§0sgqo¦ JNnc }sgqoqo\cbdx2szZ|~b9kosey´\[Exiknm~\kn§0sgqo¦¬§µkoX n
Ì%Ì@åNZÓBÞ>O>P




t = 0 ¯  \'§  ½|i\Zsykd\E­m Xnc koX~\Ekd [E\Ekds¡\[ExiknmkdX~\bdmibnko\[
JNnc


































	 ¯  \|i\c~syko\¡­m πi koX~\bdsg fikd sg sy¤CkdX~\¤³sz s§ ~bdmibnko\[















1äb{\c\Px~qossy¤4sy¤  \[E['e² 3 ¯  \§ Cx~qds¢z\kdX~\¤³sz s§ ~#koX~\szqd\c[ 













  )6"6  6  6    
5C ¢g\ce¬qosgfiko~¬['ekoqdh
P = (pi,j ; i, j = 0, . . . , K + 1)
koXZekboekd©b{ÉZ\cb 	ey2|e¢g\N}Bkdszq
α = (α1, . . . , αK) ∈ RK+
ª2§\|~\~sgkd\­m
παi
kdX~\b{szf~kd sgsy¤kdXZ\4¤³sg s§ ~bdmibnko\[ 1äb{\c\  \c[E[Ee 3







   Ç½Ã ± Ä      '!%6<'	( $!6 ="%$&'(:-,.&'='   .  (>  '> $*  
µ(k) > 0 :





















   ÇÀÇ  












kdX~©b~\kn§szqd¦ ¯  \X2e±¢g\














P ¯ s§ }sgZbd©|i\qkoX~\sgqo g Zey«~\kn§szqd¦
JNnc ¯ WX~\#SfZ[#­L\qusg¤¼}fZb{kdsg[E\cqob0koXZeklzsEkdX~qosgfZgX~si|i\ i©bbnko 
Y (i)(n) ¯ 9u\2}\C§\CXZe±¢g\lkdX~\£¤³sg  s§~!Z\cSfZey knm!¤³szq0kdX~\C['ehi['egV|Zekd\cqsg¤ ~si|i\ i ≥ 1 ª



































  ½Ã  Ç   È½









ko¢z\ m ¯ \k T (i) = inf{t > 0, Â(i)(t) = D̂(i)(t)} ª T = maxi∈[1,K] T (i) eyZ| M = T ∨ cn(0)/λ ¯ \4XZe±¢z\








∀t ≥ M, Â(i)(t) = D̂(i)(t) = παi .
1{]NM3
 \'|i\Zsykd\
i0 = argmax{T (i)}
egZ|P§0\XZe±¢g\
















i ¯ 4 Z}\ Xnc < +∞ ª§0\9¦~s§ koXZek¤³szqueym
t
ª




σ(i),n(D(i),n(nt), Y (i)(n)) + σ(0),nc (Σ
(0),n(nt), n(0),n),
Ì%Ì@åNZÓBÞ>O>P















¤³sz s§ub ¯   ÇÀÇ Ç      ÃÇ  Ã  L





n(0) = 1 ¯
 	  : (   :  6  ' $)( +* -,/.0(21)3547698!;:=<>6 )354
 \~s§ z¢z\9kdX~\#}sg~Z\c}Bkosz­2\kn§\c\kdXZ bl¨Zf~©| [Eµk9eyZ|+koX~\#b{koeg­~ knmqo\zszsg¤z\~\cqoeg ¥\N|
Seg}¦ibdsgZ\kn§0sgqo¦b0f~2|i\qlb{koeykd sgZegqdm'\cqdzsi|i }Cegbobdf~[Exikd sgZb0¤³sz s§ ~¾Ü±¿ ¯
º bdbdf~[E\kdXZeyk§0\¬XZe±¢g\¬e´x~qosg­2ey­~ knm bdxZeg}\ (Ω,F , P) ªC\Z|~s§\N| §kdX ey \cqdzsi|i }P[E\cegbdf~qo\xZqd\Nb{\cqd¢ ~jbdX~µ¤¹k
θ ¯ wsgZbd |~\q9ejbd\cSf~\2}\sy¤bd[Ex~ \vrf~ \q9~\kn§0sgqo¦ibª«boe±m {E(n)}∞n=−∞ §XZ\qo\
E(n) = {σ(n), ν(n), 1} ¯ \k ξ(n) = {{σ(n)}, {ν(n)}} ¯ WX~\b{kdsi}XZezbnko }egbob{f~[ExikoszZb%sy¤ 4 \N}Bkosz ¯ ]Csy¤¾Ü±¿ eyqo\4egb0¤³sz s§ub	
 kdX~\4¢egqd©ey­~ \cb {σ(n)} ª {ν(n)} eyqo\Cqey2|isg[*¢egqd©ey­~ \cb|i\ÉZ~\N|sz (Ω,F , P) L














   Ç  Ã È  Ã  sg
E(n)
3 ¯
» b{fZ}Xe#bd\k{koZZª§\C}eg'ÉZZ| Ω0 ªb{fZ}XkdXZeyk0sz Ω0 }sgZ|ikd sg2b 1{]NM3ªB1n]cÁ 3regZ|	X~sg©|ey2|
P(Ω0) = 1 ¯ WXZeg~¦ib0kdsEkdXZ\bnkoqdsz~!©e±§ sg¤%©eyqog\9f~[#­L\qbcªi§\9XZe±¢z\Ceg[Eszb{kub{fZqd\cm 
φ(j)(1) + · · · + φ(j)(n)
n
















i (0) < +∞.
















e ¯ b ¯
 kdXkoX~\bdeg[\¦ Z|#sg¤Vegqdzf~[E\Skobcª±§\bdX~s§·koXZek¼ [Ek 1n]NÁ%3%X~sg©|~b¼eg[Eszb{k¼b{f~qo\ m ¯ W%sCbdX~s§·koXZek
P
bdeykd©bnÉZ\Nb 	±ª±§0\0|i\c~syko\
V (j) = Eφ(j)(0)
ey2|
V (j)(n) = φ(j)(1)+· · ·+φ(j)(n)
ey2|4kdX2ey~¦ib
kos9kdX~\lvrf~ \q  b½x~qdszx2\cq{knm#sy¤VkdX~\lgqeyx~XZbcªy§0\XZe±¢g\





V (i) = p0,i +
∑K
j=1 pj,iV
(j) ¯ v½SfZekosz 1n]c 3¼X2egb0e4ÉZ~kd\9bdsg fikd sgÀªSX~\cZ}\ P bdeykd©bnÉZ\Nb 	ey2|
V (i) = πi



























¾ÜN¿ ¯ H +koX~\\¢z\Sk Ω0 ªLWX~\szqd\c[ ]eyxZx~ \cbleyZ|z¢z\cbeE~\c§x~qossy¤sy¤¼WX~\szqd\c[ ]±sy¤¾ N¿5§X~©}Xboe±mibCkdXZeyk
δ(0) = γ(0) = maxi πi/µ
(i) ¯ 8¡sgqo\s¢z\qNª«kdXZ\s§0\q#­2szf~Z|sy¤  \[E['e¡ 1³ >¾ ¿34 bbdX~s§¬kds¡­L\j ¤®eg}k4kdX~\\h~eg}k¢ey f~\'sy¤
δ(c) ¯ WX~\szqd\c[Eb]cÁ¡ey2|]c¡sy¤4¾ÜN¿z¢z\EkdX~\jb{koeg­~ knm}sgZ|~µkoszsg¤0e+zez}¦bdsg~äknmxL\!Sf~\fZ\ ~~\kn§0sgqo¦ibl ²ey¬\qogsi|i©}!bd\kdkd ~ ¯ W s­L\E[szqd\Ex~qo\c} bd\ ¤³szq











JN[m,n] = {σ[m,n], ν[m,n], N[m,n]},
§kdX











kdX~\ezbdbdsi}©eko\c|['eyh ['eyr|~eykd\cq ¯  sykd\koXZek~sgkoeykd sg¬ b}sgibd©bnko\Sk§kdX ¾Ü±¿ ¯ WX~\¡bd\cSf~\2}\ Z[−n,0]  bEeg Z}qo\cezb{ ~¬b{\NzfZ\Z}\ ¯ 4 skdXZ\qo\+\hi b{kobEe [Eµk
Z = limn→∞ Z[−n,0]
1³§XZ }X+['e±mj­L\4\kdX~\cqÉZ~kd\szq0 iÉZZµko\ 3 ¯  \}cey VkdX~©bu  [k Z koX~\4['ehiµ['egL|~eykd\cq½sy¤«koX~\lz\~\cqoeg ¥\N|'zez}¦ib{szZ\kn§0sgqo¦











N = (+∞, 0, . . . , 0) ¯$ \k A ­2\£kdX~\£\¢z\Sk






A ¯u» ¡sgkdX~\cql§0sgq|«ª Z < ∞ ¸koX~\Z\kn§0sgqo¦' bb{koeg­~\ ¯ WX~\C¤³sg s§ ~'WX~\csgqo\[ ¤³sz s§ub¤³qdsz[WX~\szqd\c[ ]cÁEegZ|P]cEsy¤¾Ü±¿
   ÃÇ  Ã    	 (








sg¤le¡g\c~\qey  ¥\c|Seg}¦ibdsg~\kn§0sgqo¦P­L\c}sg[E\cb!¢g\cqdm­~  ¯ ; Z|i\cqbdsg[E\jb{kdsi}XZezbnko }ezbdbdf~[ExikoszZbªsz~\E}eyx~qos¢g\koXZek9©eyqog\#['eyh ['ey¼|~eykd\qb£s}c}f~q9§X~\c¬e+bd~z\©eyqog\!bd\qo¢ }\ko[E\EXZegb£key¦g\c
xZ ez}\ ¡sg~\#sy¤kdX~\bnkekoszZbªLeyZ|¡eg%sykoX~\qlbd\qo¢ }\4kd [E\cb£eyqo\} szbd\4kds'koX~\ ql[E\Neybd\\¾ Á¿ ¯  \Zs§ g ¢g\£kdXZ\}sgqoqo\cbdx2szZ|i ~#¨2f~ |+x~©}Bkof~qo\ ¯
  % %   . "  




E(n) = {σ(n), ν(n), 1} ¯wszZbd |i\cqd ~!kdX~\}sgqoqd\Nb{xLsg2|iZ
JN[−n,+∞]
~\kn§0sgqo¦Vª§\4egbobdf~[E\£koXZek
Σ̂(0),n(t) → t/a, ∀t,
1n]@ 3
∀k ≥ 1, Σ̂(k),n(t) → µ(k)t, ∀t,
1{] 7%3
∀i, j, P̂ ni,j(t) → pi,jt, ∀t.
1{]c%3
Ì%Ì@åNZÓBÞ>O>P










∀i ∈ [1, K], xi = p0,i +
∑
k 6=j
pk,ixk ⇒ xj = pj ,
1Ti] 3







kosg[E\qb ¯5» v½SfZeykd sg 1ä~] 3ª pj }sgqoqo\cbdx2szZ|~bkdsEkoX~\ey[EsgfZzksg¤%koqoe'}9}sg[EZ ¡Sf~\f~\ j µ¤kdXZ bsz~\9 bu­~si}¦z\c| 1®µkbl|i\cxZeyqdkdfZqd\Cx~qos}\cbob bf~ 3 ¯  sykd\9koXZeku +kdX~©b}ezb{\ xi ≤ πi ¯ v½SfZekosz21TgM3}sgqoqd\Nb{xLsg2|~b0kds'koX~\koqoe}4\cSfZeykd sgkdX~\Z\kn§0sgqo¦j§X~\ckdX~\cqd\! bl~s ~x~fik£¤³qdsz[koX~\sgf~kobd |i\
§0sgqo©|jey2|sz~ mjSf~\f~\
j






























E ¯  \kEfZb# ssg¦²ekkdXZ\+}sgqoqd\Nb{xLsgZ|~~P[Eeyhi['ey|Zekd\cq
Z[−n,0](E)
 koX~\9¨Zf~©|bd}cey \4b{f~zg\Nbnko\c|­m'koX~\4 [Eklsy¤5prqdszx2\cq{knm+
 µ¤ σ > na ªkdX~\cjkoX~\9SfZ[#­L\qsy¤%}fZb{kdsg[E\cqob0­~ si}¦g\c|bnkekosz j eykko[E\ σ ©b0sy¤ koX~\Csgq|i\qsy¤
npj





σ − na + npjBj
L





















koskdXZ\#©egb{kCeyqoqo¢ey ¯ H kdX~©buko[E\Sko\qo¢±egäª5koX~\bd\qo¢ }\}eyx2eg}knm¬ b#sy¤kdX~\sgq|i\q!sy¤





a + (na − σ)
bk
a − (na − σ)
}+ ¯
» ku©b~s§Zekof~qoegVkdsE zkoqdsi|if2}\CkdX~\9¤³sz s§ ~¤³f~Z}Bkosz





























Ẽ(−n) = E ¯ WXZeyk bcª~¤5§0\4|i\~sgkd\4­m σ(k),n ey2| ν(k),n kdX~\}sgZ}ceko\Zeykd sgZb
({σ(k)(E)}, {σ(k)(−n + 1)}, . . . , {σ(k)(0)}, . . . )
egZ|
({ν(k)(E)}, {ν(k)(−n +
1)}, . . . , {ν(k)(0)}, . . . )
qo\cbdx2\N}Bkd ¢g\cmzªkdX~\c
JNn(E) = {σn(E), νn(E), 0, Nn},
§µkoX





Z̃n(E(n)) = Z[−n,0] ¯ ?~szquey  b{ [Ex~ \Cv½f~\cqu~\kn§szqd¦ib E = (σ, ν, 1) ª~ \k Y (j)(E) = ∑φ(j)u=1 σ(j)u ¯
 \k zn ­L\bdsg[E\4b{\NzfZ\Z}\Csg¤%xLszbdµko¢z\4qd\NeyVf~[#­L\qbcªi§\4|i\ÉZ~\ 
Uj(n) = {E
 beEbd[Ex~ \4vrf~ \quZ\kn§0sgqo¦b{fZ}XkdX2ek
Y (k)(E) ≤ zn ∀k 6= j},
Vj(n) = {E ∈ Uj(n), Y (j)(E) ≥ n(a − b), φ(j) ≤ L},


















  6  "5: ( :  6 6  :  









Σ̂(0),n(t) → t/a, ∀t,
e ¯ b ¯
∀k 6= j ≥ 1, Σ̂(k),n(t) → µ(k)t, ∀t,
e ¯ b ¯
∀i, j, P̂ ni,j(t) → pi,jt, ∀t,
e ¯ b ¯
 \4|i\Zsykd\C­m
ζn = Y













(k)(Fn) ¯ 9u\2}\gªL§0\4XZe±¢g\ limn→∞ Tnζn = 1
ª2bd Z}\
zn/ζn ≤ zn/n(a − b) → 0 ¯  \É2qob{kEbdf~x~xLszbd\kdXZeyk















({σ(j)(Fn)},∞, . . . ) ¯ ?Zsgq!kdX~©b#Z\§*~\kn§szqd¦Vª5kdXZ\j¨ZfZ |´ [Eµk¤³sgqEbnkekosz jXZsg©|~bCsg
R+








}szS¢z\qog\Nbrf ¯ s ¯ } ¯ kosEe
Ì%Ì@åNZÓBÞ>O>P









































koX~\qdszfikd ~j|i\N}©b{ sg2b£egZ| 1³qo\cbd©|ifZey3ubd\qo¢ }\!b{kd f~fZbd\c|PeklkoX~©blko[E\ ¯ WXZ bC~\kn§szqd¦+§ ­2\|~\~sgkd\c|­m
J̄N
n




Σ(0),n←(Σ(0),n(Tn) + 1) − Tn, σ
(0),n
Σ(0),n(Tn)+2











, . . .
}
,























, . . .
}
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→ (λ(a − ζ)+, 0, . . . , λpj(ζ ∧ a), . . . , 0)
ˆ̄Σ(0),n(t) → λt, ∀t,
∀i ≥ 1, ˆ̄Σ(i),n(t) → µ(i)t, ∀t,






 µ¤ ζ ≥ a ª%kdXZ\²§0\'XZe±¢g\ α = pjej ª5§µkoX ej = (0, . . . , 1, . . . , 0) §µkoXkdX~\sz~\'©b4 j TkdXx2sSb{kd sg¡egZ|
παi = pjπj,i.
prqosgxL\qdknm!g ¢g\cb









Z̃n(Fn) = (Tn − na + npjBj)(1 + o(n)) = f
j(Tn, n)(1 + o(n)).
1äy 3
 µ¤ ζ < a ªi§0\9XZe±¢g\ α = λ(a − ζ)P0 + λpjζej/ ªi§XZ\qo\ P0 = (p0,1, . . . , p0,K) egZ|
παi = λ [(a − ζ)πi + pjπj,iζ] .
prqosgxL\qdknm!g ¢g\cb
Z̃n(Fn) + na − Tn
n
→ (a − ζ) ∨ λ max
i
[






















ζ = ∞ ¯ _u\cbdf~µkb9f~Skd v½SfZekosz 1TgM3lX~sz |kdqof~\! kdX~©b}sgSkd\hkcªiX~\cZ}\4v½SfZeykd sg 1äg%3X~sg©|~b0koqdf~\ ¯?5 Zey  m§0\x~qos¢g\N|jkoXZek£¤³sgqCeym+bd\cSf~\cZ}\
Fn ∈ Vj(n)
§kdX
Y (j)(Fn) = ζn ∈ [n(a − b), +∞)bdfZ}XkdXZeyk


















z   	F( 
C0fikkoX~\4qo\cbdf~µkuXZsg©|~b¤³sgquegmjb{\NSf~\Z}\
















= l > 0.
C0m4\hSkoqoez}Bko~Ce£bdf~­Zbd\cSf~\cZ}\0sy¤
{Fn}
ª§0\0}cey!qd\cx~ ez}\0 [3bdf~x#­m  [ ¯ 8¡szqd\cs¢g\q ­Sm!|isg ~lszZ}\[Eszqd\9ey\hkdqeg}kd sgÀª§0\C['e±mbdf~x~xLszbd\lkoXZek
Y (j)(Fn)/n → ζ ≤ +∞
eyZ|j¤³sgq0kdXZ bubdf~­Zbd\cSf~\cZ}\zª

















































εn → 0 ¯ WXZeyZ¦b0kos:1®Áz%3Bªi§0\4b{\c\CkdXZeyk61ä 3X~sg©|~b ¯ & .&& » EkdXZ\lbnkosi}XZegb{kd©}0¤³qoeg[E\§0sgqo¦sy¤Àbd\c}BkoszE ¯ Á~ªg§0\ubd\\koXZekezbdbdf~[ExikoszZb¼sgkoX~\l [Ekob1{]G@M3Bª 1{] 7 3!egZ| 1n]c 3eyqo\j¤³f~ÉZ \N| ¯ »  xZeyqdkd©}f~©eyqNªr¤£koX~\¡b{\NSf~\Z}\sy¤Cbd [xZ\vrf~ \qj~\kn§0sgqo¦ib
{E(n)}+∞n=−∞


















e ¯ b ¯
  ? 		¬+"0&








1 ≤ n ≤ j − 1,
τΓjn = τ
A










Γj(t) = Σ(t − τ
A
j + σ(1, j − 1))
¤³szq









j − 1 j − 1j − 1























Σ[t − τAj + σ(1, j − 1)] ∧ A(t).
 \~s§Hb{XZs§ kdXZeyk
infj≥1 Γj(t) = A(t) ∧ inf0≤s≤t Σ[t − s + Σ







A(s) = j − 1
eyZ|´kdXZ\
¤³fZZ}Bkosz






Σ[t − s + Σ←(A(s))] = Σ[t − τAj + σ(1, j − 1)].
8sgqo\s¢g\cqcªS§0\CX2e±¢g\£¤³sgq












Σ[t − s + Σ←(A(s))] = A(t) ∧ inf
{j≥1, τAj ≤t}






y   	F( 







−1− t := 0;




(i)(t) := n(i); D(i)(t) := 0;
od
−2− V := min
{i, A(i)(t)−D(i)(t)≥1}
R(i)(t); γ := arg min
{i, A(i)(t)−D(i)(t)≥1}
R(i)(t);
−3− if V = ∞ then END;
fi
−4− D(γ)(t + V ) := D(γ)(t) + 1; A(γ)(t + V ) := A(γ)(t);








if j 6= K + 1 then A(j)(t + V ) := A(j)(t) + 1; D(j)(t + V ) := D(j)(t);





for i /∈ {γ, j} do
R(i)(t + V ) := R(i)(t) − V ; A(i)(t + V ) := A(i)(t); D(i)(t + V ) := D(i)(t);
od
t := t + V ;
−5− goto 2;



























~ÉZ~kd\uf~[!­2\cqrsy¤À}f2bnkosg[E\qb ¯%» EkdX~©br}cegbd\kdX~\cqd\\h©b{kob T ≤ ∞ bdfZ}XkdX2ek limt→T A(t) =
limt→T D(t) = ∞ ¯
   ÇÀÇ Ç     Ç ½Ã ± Ä L





























D(i)(0) = 0 ¯ ?~szq t ≥ 0  \k
D̃(i)(t) = A(i)(0) ∧ inf
0≤s≤t
Σ(i)[t − s + Σ(i)←(A(i)(0))]
Ã(i)(t) = n(i) + P0,i(Σ





















0 ≤ t ≤ t1
ª
xZqds¢©|i\e²b{szf~kd sg xZey qkos 1-@M3Es¢g\cq
t ∈ [0, t1]
ª[Esgqo\s¢z\qkdX~©bjbdsg fikosz> bj\h~eg}kd m·kdXZ\sg~\


















D̃(i)(t) = X(i)(t) ∧ inf
0≤s≤t
Σ(i)[t − s + Σ(i)←(X(i)(s))],
Ã(i)(t) = n(i) + P0,i(Σ






 \kdkd ~ tn+1 = inf{t ≥ tn, ∃i, D̃(i)(t−) 6= D̃(i)(t), szq Σ(0)(t−) 6= Σ(0)(t)} ªLsz~\!}sgZ}f2|i\cbCegbeg­2s¢z\ ¯ WX~\fZ~ Sf~\c~\cbobusg¤ (A,D) eyZ|+koX~\¤®ez}BkukoXZek (A,D) eyqo\#}sgZb{kdqofZ}Bko\c|­m    Ç  Ã È % Ã egqd\4eE}szZbd\cSf~\2}\Csy¤5kdX~©bu}szZb{kdqofZ}Bkoszjx~qosi}\c|~f~qd\ ¯ 
& .& @&CWX~ b9}sgZb{kdqofZ}Bkosz©b9¢g\qom¡b{ [E©eyq£kdskdXZ\E}sgZb{kdqofZ}kd sgPsg¤rkdXZ\qo\¨2\c}Bkosz['eyx~xZ~
['ez|i\9+kdXZ\4x~qdssg¤%sy¤WX~\szqd\c[¶ ¯ ]9sy¤0¾ ¿ ¯
 	  )6"6  6     ( 

























i ∈ [1, K].
1®ÁZ] 3
Ì%Ì@åNZÓBÞ>O>P
g   	F( 
4 Z}\
(I − P ′)
©b# ¢g\cq{ko­~ \gª1®ÁZ] 39X2egb#e¡ÉZ~kd\bdsg fikosz ¯ 9u\cZ}\'koX~\jsz~ m¬eg­Zb{szqd­Z~b{koeykd\sg¤
(Xn)
 b
K + 1 ¯ 
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